ABSTRACT. Let K/Q be a cyclic cubic field with an prime conductor l. In the paper there is given method for verification that K is ω-good and it is applied for conductors up to l = 349.
Introduction
In 1954 D. Z e l i n s k y [4] investigated the additive unit structure of rings. Zelinsky's work gave rise to many investigations of rings that are generated by their units.
Ò Ø ÓÒ 1 (see [1] , [2] )º An integral domain R is called n-good, if every element of R can be written as sum of n units, i.e., invertible elements of R, and it is called ω-good, if it is not n-good for any n, but each of its elements is a sum of units.
It has been proved by N. A s h r a f i and P. Vá m o s [1] that the ring of integers of a quadratic number field is not n-good for any n, and the same holds in the case of cubic number fields having a negative discriminant and cyclotomic fields Q(ζ 2 N ) for N ≥ 1.
In [2] M. J a r d e n and W. N a r k i e w i c z have shown that no finite extensions of rationals is n-good.
After the above result the interesting question remains: In which algebraic number fields every algebraic integer can be expressed as sum of units, in other words, which algebraic number fields are ω-good?
In [3] R. T i c h y and V. Z i e g l e r characterized all complex cubic fields with maximal orders generated by their units.
In the present paper we are interested in special class of real algebraic number fields. Let K a cyclic extension of rationals of prime degree p > 2 such that K ⊆ Q ζ m and let
In the paper we show that the S K is an order of K and give computations to decide whether the cubic field K ⊂ Q(ζ l ) is or is not ω-good.
Results

Ä ÑÑ 1º Let K be a cyclic extension of rationals of prime degree
Clearly S K is a subring and a submodule of Z K with a unit because S K is closed under addition and multiplication. Since p is a prime greater or equal to 3, there exists a nontrivial unit such that 1, , . . . , l−1 forms a basis of the field K over Q. Hence S K is submodule of Z K of dimension p and thus an order of the field K.
2
Let L = Q(ζ l ) be the lth cyclotomic extension of rationals such that l is a prime l ≡ 1 mod 3. Let K ⊆ L be the cyclic real cubic extension of rationals.
We will consider norms of cyclotomic units. We denote by a cyclotomic units which generate the group of all cyclotomic units, namely
As for every σ ∈ Gal(L/K), one has
In the following computations we list just two such gammas, say γ i , γ j , for which it holds that for every γ a we have either:
and it follows that γ i , γ j are fundamental units of K. Let c j be the coefficients of a γ i relative to the integral normal basis of K/Q
in the following results we write
Let D K be discriminant of the field K. Denote
Computational results for selected primes
l=13, Z K = S K : γ 4 = (0, 1, 0),
l=19, Z K = S K :
The calculations for l = 7, 13, 19 give us the following small remark.
Remark 1º
If the class number of L is equal to 1, then
γ 5 = (3, 5, 7) ≡ 1 mod 2,
The units γ 5 , γ 7 are fundamental units of the form 2α + a, where a is a rational integer. Then every unit in U K is of that form and, thus, is every finite sum of units. But Tr L/K ζ 31 cannot be written in the above form. Consequently,
γ 4 = (5, 6, 9), γ 6 = (42, 51, 64),
γ 5 = (129785, 162609, 154103) ≡ 1 mod 2,
Results for all prime conductors l ≡ 1 mod 3 up to l = 349 are listed in the following tables.
Z
In the following table are cases which are the most complicated. We do not know the answer to our question. Sums of the cyclotomic units are not Z K as the index d > 1 in Z K . But since h + = 1 the cyclotomic units are not fundamental, thus using our method one cannot say if Z K = S K . 
